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1. ASYMPTOTIC PROPERTIES OF THE PROCESS Xt

Consider the model�xt = "t; "t i.i.d. (0;
) or xt = x0+
Pt

i=1 "i: De�nition of multivariate
Brownian motionW (u); u 2 [0; 1] and convergence of moments

T�1=2x[Tu] = T�1=2
[Tu]X
i=1

"i
d! W (u)

T�1S11 = T�2
TX
t=1

xt�1x
0
t�1 = T

�1
TX
t=1

xt�1p
T

x0t�1p
T

d!
Z 1

0

W (u)W (u)0du

S10 = T�1
TX
t=1

xt�1"
0
t =

TX
t=1

xt�1p
T

�x0t�1p
T

d!
Z 1

0

W (dW )0

S00 = T�1
TX
t=1

�xt�x
0
t = T

�1
TX
t=1

"t"
0
t
P! 
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2. TEST FOR RANK
In the model �xt = �xt�1 + "t; the test for � = 0 is the Dickey-Fuller test

�2 logLR(� = 0) = �T log det(S00 � S01S
�1
11 S10)

det(S00)

= �T log(det(Ip � S�100 S01S�111 S10))
� trfS�100 S01(T�1S11)�1S10g

which converges (B = 
�1=2W is standardized Brownian motion)

d! trf
�1
Z 1

0

(dW )W 0
�Z 1

0

WW 0
��1 Z 1

0

W (dW )0g

d! trf
Z 1

0

(dB)B0
�Z 1

0

BB0
��1 Z 1

0

B(dB)0g

The Dickey-Fuller distribution (of the trace test) with p degrees of freedom. Tabulated
by simulation
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TEST FOR RANK (CONTINUED)
Model without deterministic terms
In the model

Hp : �xt = �xt�1 +
k�1X
i=1

�i�xt�i + "t

the test for

Hr : � = ��0 of rank r

satis�es

�2 logLR(HrjHp) = �T
pX

i=r+1

log(1� �̂i)
d! trf

Z 1

0

(dB)B0
�Z 1

0

BB0
��1 Z 1

0

B(dB)0g

where B is standard Brownian motion with p � r degrees of freedom equal to the

number of common trends. No parameter dependence in limit distribution.
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Modi�cation of limit distribution for model with deterministic terms
In the model

Hp : �xt = �xt�1 +
k�1X
i=1

�i�xt�i + �0 + �1t + "t

where � = ��0 and �1 = ��
0
1 (cointegration and no quadratic trend) we �nd

Hr : �xt = �
�
�
�1

�0�
xt�1
t

�
+

k�1X
i=1

�i�xt�i + �0 + "t

�2 logLR(HrjHp) = �T
pX

i=r+1

log(1� �̂i)
d! trf

Z 1

0

(dB)F 0
�Z 1

0

FF 0
��1 Z 1

0

F (dB)0g

F (u) =

�
B(u)� �B
u� 1

2

�
; �B =

Z 1

0

B(u)du

Does not depend on the parameters, only on the type of deterministic term.
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Limit distribution for rank test in model

Hp : �xt = �xt�1 +
k�1X
i=1

�i�xt�i + �dt + "t

�2 logLR(HrjHp)
d! trf

Z 1

0

(dB)F 0
�Z 1

0

FF 0
��1 Z 1

0

F (dB)0g

1. No deterministics (dt = 0) : F (u) = B(u)

2. Restricted constant (�dt = ��00) : F (u) =
�
B(u)
1

�
3. Restricted linear term (�dt = �0 + ��

0
1t) : F (u) =

�
B(u)� �B
u� 1

2

�

xt = C

tX
i=1

("i + �di) +

1X
i=0

C�i ("t�1 + �dt�i) + A

In general the limit distribution will depend on the deterministic terms dt in the equation
unless T�1=2

P[Tu]
i=1 di ! 0:
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3. FINITE SAMPLE MODIFICATIONS

For �nite samples the distribution depends on parameters and T .
An approximation to the expected test statistic is

E�;T (�2 logLR(HrjHp))
E(Trace Test)

= a(T; p� r)[1 + T�1b(p; �) +O(T�2)]

where a(T; p� r) is simulated and b(p; �) is partly analytic and partly simulated.
Bartlett's idea for a better approximation

�2 logLR(HrjHp)
E�;T (�2 logLR(HrjHp))

d! Trace Test

E(Trace Test)
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Example
We take p = 1 and k = 2s + 1 and consider the Dickey-Fuller test

�xt = �xt�1 +

2sX
i=1


i�xt�i + �0 + �1t + "t

H0 : � = �1 = 0

E�;T (�2 logLR(HrjHp))
E(Trace Test)

� [1 + 0:12T�1 + 4:05T�2][1 + 1:72
T
(s +

P2s
i=1 i
i

1�
P2s

i=1 
i
)]

An extra unit root when 1�
P2s

i=1 
i = 0:
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5. A small sample correction of the Dickey-Fuller test.
The model is �xt = �xt�1 +

P6
i=1 
i�xt�i + �0 + �1t + "t and the test is � = �1 = 0:

The DGP has � = �1 = 0 and 
3 = � � � = 
6 = 0; �2 = 1: The number of simulations is
10,000. Upper panels T = 25 and lower panels T = 50: Right hand panels 
2 = 0; and
left hand panels 
1 = 0:
The three curves denote rejection probabilities without correction, with correction, and
with estimated correction
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FINITE SAMPLE MODIFICATIONS (CONT.)
The cointegrated VAR model with k = 1 and r = 1

Hp : �xt = �xt�1 + �1t + �0 + "t;

and we test � = ��0 and �1 = ��
0
1; where � and � are p� 1; that is,

Hr : �xt = �(�0xt�1 + �01t) + �0 + "t:

First simulate coef�cients (a1(p); a2(p); a3(p); a4(p)) and de�ne the coef�cient

k(�; �;
) = �(1� (�0�)2

�0
�1��0
�
)f(2+�0�)a3(p)�2(4+3�0�)

a4(p)

(p� 1)2g+2(1+�
0�)(p�1) a4(p)

(p� 1)2

The correction to the rank test is de�ned as

[1 + T�1a1(p) + T
�2a2(p)][1 +

1

T

1

�0�
k(�; �;
)]

Problem when �0� close to zero, and extra unit root. Either rank zero or I(2):
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4. ASYMPTOTIC DISTRIBUTION OF �̂
Consider the model with no deterministic terms, r = 2; and � identi�ed by

� = (h1
p�1
+ H1
p�m1

'1
m1�1

; h2
p�1
+ H2
p�m2

'2
m2�1

):

THEOREM If "t i.i.d. (0;
); then

T�1=2x[Tu]
d! CW = G; and T�1S11 = T�2

TX
t=1

xt�1x
0
t�1

d! C

Z 1

0

WW 0duC 0 = G

T

�
'̂1
'̂2

�
d!
�
�11H

0
1GH1 �12H 01GH2

�21H
0
2GH1 �22H 02GH2

��1 
H 01
R 1
0 G(dV1)

H 02
R 1
0 G(dV2)

!
;

where �ij = �0j
�1�j; and V = �0
�1W = (V1; V2)
0.

Note that V = �0
�1W is independent of CW = �?(�
0
?�?)

�1�0?W: Hence limit is mixed
Gaussian. The estimators of the remaining parameters are asymptotically Gaussian
and asymptotically independent of '̂ and �̂.
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The observed information TS11 =
PT

t=1 xt�1x
0
t�1 normalized by T�2 converges to a

stochastic limit:

JT = T�1
�
�11H

0
1S11H1 �12H

0
1S11H2

�21H
0
2S11H1 �22H

0
2S11H2

�
d!
�
�11H

0
1GH1 �12H 01GH2

�21H
0
2GH1 �22H 02GH2

�
= J :

The limit distribution of �̂ conditional on the limit of the information is Gaussian. Thus

J 1=2T T

�
'̂1
'̂2

�
d! Nm1+m2

(0; Im1+m2
)

Thus Wald and likelihood ratio tests on � are asymptotically �2:
The scaling is not by an estimate of the variance but by an estimate of the conditional
variance.
It is therefore not the asymptotic distribution of �̂ that is used for inference, but the
asymptotic conditional distribution given the information.
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Example
The simplest example is a cointegrating regression

x1t = �x2t�1 + "1t; and �x2t = "2t

where "t are i.i.d. Gaussian and f"1tg and f"2tg are independent. Then

T (�̂ � �) = T
�1PT

t=1 x2t�1"1t

T�2
PT

t=1 x
2
2t�1

d!
R 1
0 W2dW1R 1
0 W

2
2 (u)du

� Mixed Gaussian

For given fx2t; t = 1; : : : ; Tg

�̂jfx2tg � N(�;
�21PT

t=1 x
2
2t�1

) and
(�̂ � �)
�1

(

TX
t=1

x22t�1)
1=2jfx2tg � N(0; 1)

This implies that the marginal distributions satisfy

�̂ � �q
V ar(�̂)

not Gaussian and
�̂ � �
�1

(

TX
t=1

x22t�1)
1=2 is Gaussian
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Joint distribution of Theta_ML and Observed information, SIM = 300, T = 100

Observed information

Th
et

a_
M

L

0 20000 40000 60000
9.90

9.95

10.00

10.05

10.10

10.15

4.The joint distribution of �̂ and the observed information (
PT

i=1 x
2
2t�1=�̂

2) in the model
x1t = �x2t�1 + "1t; and �x2t = "2t with � = 10. Note that the larger the information, the
smaller is the uncertainty in the estimate �̂:
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Here is an incorrect argument
1. In order to test for � = �0 we apply the t-ratio t�=�0 =

�̂��p
V ar(�̂)

2. To estimate the variance V ar(�̂) we use V ar(�̂) � �̂21PT
t=1 x

2
2t�1

3. Plugging in, we get t�=�0 � (
PT

t=1 x
2
2t�1)

1=2 �̂��
�̂1

d! N(0; 1)
Comments
1. is not a good idea because V ar(�̂) is very large and distribution of t�=�0 is not
Gaussian
2. is incorrect because

T 2V ar(�̂) = E
�21

T�2
PT

t=1 x
2
2t�1
�! E

�21R 1
0 W

2
2 (u)du

6= �21R 1
0 W

2
2 (u)du

 � �21

T�2
PT

t=1 x
2
2t�1

Thus 3. is not correctly argued, but the result is correct.

Always condition on the observed information
PT

t=1 x
2
t�1:

Do not use expected information to estimate the variance as one usually does. Use
observed information.



17

5. CONCLUSION

1. We have shown that without deterministics the process xt behaves like a Brownian
motion CW (u):
2. This implies that the limit of the rank test has a generalized Dickey-Fuller distribution
depending on the number of common trends as `degrees of freedom'.
3. The limit distribution has to be modi�ed by deterministic terms, and small sample
improvements have been developed.
4. �̂ is superconsistent and the asymptotic distribution is mixed Gaussian. We therefore
get asymptotic �2 inference for tests on �:
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6. RATIONAL EXPECTATIONS AND THE VAR
An example: Interest rates in two countries and exchange rate:
Economic expectations

UIP : i1t � i2t = Eecont �et+1

Eecont

0@ 10
0

1A00@ et+1i1t+1
i2t+1

1A =

0@ 1
1
�1

1A00@ eti1t
i2t

1A or Eecont c01xt+1 = c
0
0xt

Assume the VAR model is �xt+1 = ��0xt + "t+1
Model based expectations Etxt+1 = (Ip + ��0)xt
Muth (1960): Economic expectations the same as model based expectations,

Eecont = Et

Etc
0
1xt+1 = c

0
0xt = c

0
1(Ip + ��

0)xt
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Muth (1960): Economic expectations the same as model based expectations,

Eecont = Et

Etc
0
1xt+1 = c

0
0xt = c

0
1(Ip + ��

0)xt

If r = 1, this implies

c00 = c
0
1(Ip + ��

0) or c00 � c01 = c01��0 so that � = c0 � c1; and c01� = 1:

We therefore �rst test that � = c0 � c1; and next that c01� = 1:
In the UIP example i1t � i2t = Eecont �et+1 we have �0xt = i1t � i2t :

The equation for et is �et = �1(i1t�1 � i2t�1) + "1t;
which implies that also �1 = c01� = 1; if economic expectations are model based.

The assumption of rational (model based) expectations corresponds to speci�c restric-
tions on the reduced form coef�cient from the VAR.



21

7. SEASONAL COINTEGRATION
With roots at z = 1;�1; and �1 = 1� L and ��1 = 1 + L; the error correction model is

�1��1xt =
1

2
��1�1�

0
1xt�1 �

1

2
�1��1�

0
�1xt�1 + "t

�(z) = (1� z)(1 + z)Ip �
1

2
(1 + z)�1�

0
1z �

1

2
(1 + z)��1�

0
�1z

with "I(1) solution"

�(z)�1 = C1
1

1� z + C�1
1

1 + z
+

1X
i=0

C�i z
i

xt = C1

tX
i=1

"i + C�1(�1)t
tX
i=1

(�1)i"i + A1 + (�1)tA�1 + Yt

Non-stationarity due to S(1)t =
Pt

i=1 "i and S
(�1)
t = (�1)t

Pt
i=1(�1)i"i:

Yearly aggregates of S(�1)t are stationary: ��1S
(�1)
t = (1 + L)S

(�1)
t = "t; so ��1�01xt �

I(0)

Yearly differences of S(1)t are stationary: �1S
(1)
t = (1� L)S(1)t = "t; so �0�1�1xt � I(0)
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8. MODELS FOR EXPLOSIVE ROOTS
One real explosive root � < 1; and a root at z = 1: De�ne �� = 1 � ��1L: The error
correction model is

�1��xt =
1

(1� 1=�)�1�
0
1��xt�1 +

1

(1� �)����
0
��1xt�1 + "t

�(z) = (1� z)(1� ��1z)Ip �
(1� ��1z)
(1� 1=�) z�1�

0
1 +

(1� z)
(1� �)�z���

0
�

with "I(1) solution"

�(z)�1 = C1
1

1� z + C�
1

1� ��1z
+

1X
i=0

C�i z
i

xt = C1

tX
i=1

"i + C��
�t

tX
i=1

�i"i + �
�tA� + A1 + Yt;

Non-stationary due to S(1)t =
Pt

i=0 "i; and S
(�)
t = ��t

Pt
i=0 �

i"i: The sum
Pt

i=0 �
i"i

converges for t ! 1; and the explosiveness is due to the factor ��t ! 1: No central
limit theorem involved in the limit, and asymptotic results depend on the properties "t.
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9. THE I(2) MODEL
The error correction form of the equations

�2xt = ��0xt�1 � ��xt�1 + "t;
�(z) = (1� z)2Ip � ��0z � �(1� z)z

with I(2) solution

�(z)�1 = C2
1

(1� z)2 + C1
1

(1� z) +
1X
i=0

C�i z
i

xt = C2

tX
i=1

iX
j=1

"j + C1

tX
i=1

"i + A1 + tA2 + Yt

for suitable C1 and C2

�xt is stationary, �0xt is I(1) and there is polynomial cointegration �0xt + ��xt is I(0)
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10. COFRACTIONAL ERROR CORRECTION MODEL
The vector autoregressive model for cofractional processes (�bxt =

P1
i=0(�1)i

�
b
i

�
xt�i)

�xt = ��0(1��)xt +
kX
i=1

�i�(1��)ixt + "t

�bxt = ��0(1��b)xt +
kX
i=1

�i�
b(1��b)ixt + "t

�bxt = ��0Lbxt +
kX
i=1

�i�
bLibxt + "t; Lb = 1��b

�(z) = (1� z)bIp � ��0(1� (1� z)b)�
kX
i=1

�i(1� z)b(1� (1� z)b)i

�(z)�1 = (1� z)�bC +H(1� (1� z)b)

xt = 
��b+ "t + y
+
t + �

0
t ; y

+
t =

t�1X
n=0

�n"t�n; xt 2 F(b); �0xt 2 F(0)
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11. CONTROLLING INFLATION
Basic assumptions
1. The central bank can determine the short rate it
2. In�ation appears to be nonstationary
3. The reduced form VAR model describes the behavior of agents in the sense that
E(xtjxt�1) describes the agents plans and the outcome, xt; deviates from E(xtjxt�1) by
a random term "t

Example
Three variables: In�ation, �t; output gap yt and interest rate it and a cointegrated VAR
model

��t = �1(it�1 � �t�1 � �) + "1t
�yt = �2(it�1 � �t�1 � �) + "2t
�it = �3(it�1 � �t�1 � �) + "3t
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Problem: How can the bank control in�ation �t, when only it can be set by the bank?

By controlling in�ation we mean that we want in�ation stationary around a given mean.

A suggested linear control rule (Taylor rule)

ictrt = it + �(�� � �t)| {z }
intervention=policy shock
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The timing of the interventions.
STEP 1: The bank investigates the economy at time t and decides to change the
interest rate according to the rule

ictrt = it + �(�
� � �t);

while leaving �t and yt intact.

STEP 2: The market reacts to the controlled values (ictrt ; yt; �t) according to the VAR
and creates the process xnewt+1 from the VAR which describes the plans of the agents

�newt+1 = �t + �1(i
ctr
t � �t � �) + "1t+1

ynewt+1 = yt + �2(i
ctr
t � �t � �) + "2t+1

inewt+1 = ictrt + �3(i
ctr
t � �t � �) + "3t+1

STEP1 (again): The bank investigates the economy at time t+1 and decides to change
the interest rate according to the rule

ictrt+1 = i
new
t+1 + �(�

� � �newt+1 );

while leaving �newt+1 and ynewt+1 intact, etc.



-

6

t

xt

�������
�������
�������������

�������
�������
�������
�������
���������������������������������������������

����������
����������
����������
����������

s
sx1t�1

x2t�1
?

?

s

s

s

x1t

x2t

xctr2t

s
s
s

x1t+1

x2t+1

xctr2t+1

1.
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The process xnewt = (�newt+1 ; y
new
t+1 ; i

new
t+1 )

0 is observed and satis�es the equations setting
ictrt = it + �(�

� � �newt ) :

�newt+1 = �newt + �1(i
new
t + �(�� � �newt )� �newt � �) + "1t+1

ynewt+1 = ynewt + �2(i
new
t + �(�� � �newt )� �newt � �) + "2t+1

inewt+1 = inewt + �3(i
new
t + �(�� � �newt )� �newt � �) + �(�� � �newt ) + "3t+1

This is a VAR with two cointegrating relations

ecm1t = inewt + �(�� � �newt )� �newt � �
ecm2t = �� � �newt

��newt+1 = �1ecm1t + "1t+1
�ynewt+1 = �2ecm1t + "2t+1
�inewt+1 = �3ecm1t + �ecm2t + "3t+1
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��newt+1 = �1ecm1t + "1t+1
�ynewt+1 = �2ecm1t + "2t+1
�inewt+1 = �3ecm1t + �ecm2t + "3t+1

�new =

0@ �1 0�2 0
�3 �

1A ; �new =
0@ �(1 + �) �10 0

1 0

1A ;
Hence �newt is stationary around �� and real interest rate still stationary around �:
Choose � to satisfy jeig(I2 + �new0�new)j < 1; to avoid explosive behavior.
The dynamics of the process is changed by the repeated intervention (policy shock) of
the bank. A necessary condition for controllability, in terms of the C matrix is C�;i 6= 0:

C =
1

�3 � �1

0@ �3 0 ��1
�2 �3 � �1 ��2
�3 0 ��1

1A
If xt is I(1) then the long-run impact of it on �t as measured byC�;i = ��1=(�3��1) 6= 0:
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12. CONCLUSION

This concludes the lectures on the statistical analysis of cointegration using the vector
autoregressive model.

We have seen how to model the basic short- and long-run dynamics using cointegration
and the error correction model, and how to formulate and test hypotheses on both
cointegrating and adjustment vectors.

The algorithm of reduced rank regression replaces the ordinary least squares regres-
sion.

The asymptotic analysis is complicated by the fact that the Brownian motion and sto-
chastic integrals enter but in reality we only use them for formulating a limit, which is
then tabulated by simulation.

The model is widely used for analyzing macro data, and there are many applications
and formulations waiting to discovered.




