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1. SOME EXAMPLES OF INTEGRATION AND COINTEGRATION
1a: The global average temperature and sea level

Data : 1881:01 to 1995:01
Hansen, J. et al J. Geophys. Res. Atmos. 106 23947 (2001)
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1b: US data of consumption, income, investment, hours worked and capital

The data 1948:1 to 2002:2 from
Federal Reserve Bank of St. Louis’ FRED database and
Bureau of Labor Statistics’ Establishment Survey.
N; = Civilian, non-institutional population, age 16 and over.
C; = Real Personal Consumption Expenditures in chained 1996 dollars/V,
I; = Real Gross Private Domestic Investment in chained 1996 dollars/V,
H; = Hours of wage and salary workers on private, non-farm payrolls /V;.
Y, =1+ C;
Kt Capital Stock Formation/V;

= (log Y}, log Cy, log Ky, log Hy) = (yy, ¢, ke, hy)
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2. GENERAL STATISTICAL METHODOLOGY
Main question

WHICH STATISTICAL MODEL
DESCRIBES THE DATA?

General methodology is likelihood based inference

What is gained:

1. A coherent framework for formulating and testing the economic hypotheses of inter-
est

2. The Gaussian likelihood is used for deriving test and estimators but their properties
are derived under more general assumptions.

In particular:

3. Asymptotic distributions of maximum likelihood estimators

4. Consistent estimates of ‘variances’

5. Asymptotic distribution of likelihood ratio statistics

The price paid:
One should carefully check the assumptions underlying the model, otherwise inference
can be invalid



3. THE DYNAMIC PROPERTIES OF THE VAR, INTEGRATION AND COINTEGRATION
The vector autoregressive model

Tt = Hlxt_l + ...+ Hkilﬁt_k + CI)Dt + &¢,
wheret =1,...,7 and ¢ i.i.d. N,(0,2).

By recursive substitution the equations define x; as function of

1. Initial values, zq, ...,z 5.1,

2. Errors ¢q, ..., &4,

3. Deterministic terms Dy, ..., D,, (constant, linear term, seasonal and intervention
dummies)

4. Parameters (I1y, ... I, ®)



Example
Lete,, t =1,2,...beiid. (0,0%)

Ty = PTi-1+ &
= plag+p e+ pet e
If |p| <1, then z; = > "7 p'e;; stationary

If p =1, then x; = ¢ + Zle g; random walk

v — Tie ) _ [ PPu—1 T €1 | _ Zfio Piflt—l
Tot Tot + €9t Tor + D iy E2i
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Example

x; = a1 + oxy o + ®D; + £, two-dimensional, ¢; i.i.d.(0,92)

Tt 111 a0 T1t-1 511 1212 T1t-9 E1t
_ + + oD, +
( Tot ) ( [My91 120 ) ( Tot—1 ) < 591 1929 ) ( Tat—2 ) t ( Eot )
Characteristic polynomial

9 9
I =1l 112 = o112 —Ilj192 — Lo 102 )

I(z) = I, — iz — IIp2* =
< > 2 1 2 ( —H1.21Z — H2.2122 1 — 1_[1.222 — 1_[2.222:2

with determinant det(I1(z)) = |I1(z)| of degree four, and inverse matrix

_adi:)

74) = i)

det(I1(2)) = (1 = 2p1)(1 = 2p2)(1 = 2p3)(1 = zpy)
The roots of det(I1(z)) = 0 are 1/p,



11
Theorem: Consider the model
Tt = Hlflj't_l + ...+ Hkxt—k + CI)Dt + &¢.

If |p;| <1, the coefficients of 117(z) = > 2, C;z" are exponentially decreasing and the
process x; IS Sstationary with moving average representation

Ty = Z Ci(er—i + PD,—;)

i=0
Example

Ty = PTi—1 + QU+ &

m(z) = 1—pz, wz) = Zplz’
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Integration and Cointegration
Definition 1. z; integrated of order 1, I(1), if Az, = > .°, Cigr—y, and Y ° C; # 0

Definition 2. If z;; is I(1), and 3'x; is stationary, then z; is cointegrated with cointegra-
tion vector £.

Example

T1t PT1t—1 T €1t Zio plEL—i
< 1,299 =0, x; = = = !
i . t <502t> ( Tar + ot > ( > iy €2 )
1 1 1o i It
Yy = ( 25U1t‘|‘ oL2t ) — ( 2121?8/08115—2 + 222:1 €2 ) both [(1>

1 1 i 1\
—3%1t T 5Tt —5 2 i—oPEl—i T3 21:1 €2i

But 41 — yo:(= x1¢) is stationary and yy; + yot (= x;) is random walk.

Thus 7, is cointegrated with 5’ = (1, —1) and common trend Z§=1 £9i
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Another example

t
T = CLZ€1Z' + E9p N~ [(1)
1=1

t
Lot — szU + E3¢ v [(1)
1=1
bﬂflt — AT9t — bggt — Q&3 ~~ ](O)

x(t) is I(1) and cointegrated with 3 = (b, —a)’ and common trend >_'_, ¢1;.

Granger’s result: If Az, = >, Cie;—; then C(z) = C(1) + (1 — z)C*(z) and

4 00
n=C(1)Y e+ Cle
1=1 1=0

Reduced rank of C(1) = 1/ implies the common trends 1’ >_'_, ¢; and hence cointe-
gration 7/, z;. Inverting C'(z)~! we find an infinite order autoregressive model with unit
roots.

Some history.



The Error Correction Model (ECM)

AR T = HllCt_l + HQCCt_Q + &¢
Tt — T4—1 — (Hl + HQ — [p>xt_1 -+ HQ(SCt_Q — SCt_l) + Et
ECM Aﬂj‘t = HZIZ’t_l + F1A$t_1 + &¢

Note that
M(z) = I, — 21Ty — 2°Tly = (1 — 2)I, — Mz — T'12(1 — 2)
If I1(z) has unit roots, then
[1(1) = —I1 = a5’
for some o and 8 of dimension p x rand rank r < p
Error Correction Model:

A.Tt = &6/$t_1 + FlAIt_l + &¢

14
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4. GRANGER REPRESENTATION THEOREM

Question: If the VAR has unit roots and the other roots are larger than one, what is the
moving average representation?

Unit roots imply reduced rank of I1(1) :

k—1
Axy = afxi_1 + Z IiAxi_; + &4
i=1
k—1

(1—2)I,—af'z — Z(l — 2)2'T;

1=1
I(1) condition avoids I(2) processes: The roots satisfy z = 1 or |z| > 1 and

[1(z)

k—1
det(a/ (I, = Y [ Ti)B.) #0
1=1



Theorem: If the roots of det1l(z) = 0 are either |z| > 1 or z =1,
and det(co/, (1, — Zf;f [';)8 ) # 0 is satisfied then

0. @)
+Y G, |Cf < dl, fora < 1
1=0

Mz)™' = C

1 —2z

k—1
C = B.(o/ (I, =) Ty)B) "'d]
1=1

t o0
Ty = CZ&‘@‘FZC;&_Z'-FA, 5/14 =0
1=1 1=0

1. Ax, is stationary, x; is I1(1)
2. 'z, is stationary, x, is cointegrating (r cointegrating or long-run relations)
3. The common trends are o/, S_'_, ¢; (p — r common trends)

16



Example
Az = a1(x-1 — Top-1) + €1
Azy = 042(33175—1 — 513215—1) + €9t

Subtracting we find an AR(1) process

A(xyy — wor) = (g — o) (T14—1 — Top—1) + €1t — €

if |1+ a1 — as| < 1then
oo

Tt — Tot = Z(l + o — a2)i(51t—i — e9—i)(= )
i=0

IS stationary.

17



Example continued

Axyy = CY1(£U1t—1 — SCzt—l) + €1t
Axyr = 042($1t—1 — 513215—1) + €94

Yy = T+ — Top IS stationary. Another linear combination is a random walk:

042Aflf1t — 041A£U2t — &1y — 1€
t

Qo1 — Q1T = Q1) — 1T + E (042511' — 041521')(: St)
i=1
1 1

Ty = —(Sy — aqyy) and xgy = ——(S; — avyy)
Q9 — Q1 Qg — (1

Thus if |1 + a; — as| < 1 then

1. x1; — x9 is stationary

2. aoxry — Top 1S random walk

3. Tt IS [(1)

4. z, cointegrated, cointegration vector 3’ = (1, —1),
and common trend > (aney; — aey).

18
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L1t

1.In the model Ax; = a3'x;_; +¢;, the point z; = (x1;, 7o) is moved towards the long-run
value z.; on the attractor set {z|5'z = 0} = sp(f, } by the force —«a or +«, and pushed

along the attractor set by the common trends o/, >, ¢;



Examples

1

Az = _Z(xlt—l — XTor1) + e
1

Axy = Z(xlt—l — Tor—1) + €94

gives I(1) integration and cointegration because 1 + a; — as = 1/2 < 1.

Another example

1

Az = 1(513175—1 — XTo1) + €1
1

Azo = —1(33175—1 — 5132t—1) + €9t

is explosive and not cointegrated because 1 + a; — as = 3/2 > 1.

20
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A strange example

1

Az = 1(£U1t—1 — T 1) + ZAZCth + €1t
1

Axy = —1@11&—1 — Tor_1) + €94

is /(1) and cointegrated despite 1 + a; — ay = 3/2 > 1.

The sign of the adjustment is not intuitive

The processes do not adjust properly, yet are I(1) because the term %Al’gt_l. Roots
are 4/3 and 1.

_9
= Yo () trim () o= g

(and the roots satisfy |z| > 1 or z = 1)



5. THE ROLE OF THE DETERMINISTIC TERMS
The linear ‘innovation term’
k—1
Axy = aff’ziq + Z DAz + (g + pgt + &)
1=1
Granger Representation Theorem

©.@)

/
CZ(& + o + ) + Z Ci(er—i+ po+ p(t —1)) + A

1=1 1=0

Lt

t 00
C ; ei + Crgt + %C,ult(t +1) + ; Cller—i+ g+ (t—12))+ A
Thus
1. Quadratic trend in general, ;Cput? = 18, (1) 'a/, 1 t?
2. If o/, uy = 0, only linear trend (from both terms) because C'y; =0
3. If u; = 0, still linear trend, Cpt, but 3'x; no trend, because 5'C = 0
4. 1f u; =0, o/, iy = 0 no linear trend because C'y, = 0
5. If 4y = py = 0 no deterministics

22



The linear ‘additive term’

Ty = To+ 71l + Yy
k—1

Ay, = ozﬁ’yt_1 + Z LAy + &
i=1
k—1 k—1

Azy—11 = af(x 1 — 19— T1(t — 1)) + Z Az — Z | I

i=1 i=1
The ‘innovation’ form is
k—1
Aﬂft = Oéﬁll’t_l + Z FiAl’t_@' + o + ,Lblt + &¢
i=1

k—1
o = aff (11— 7o) + (L, — Y _Ti)m
1=1

p, = —af'tysothata’ u; =0

Note that 7; and 3’ are identified

23



Other deterministics
The ‘innovation’ (blip-)dummy

1, t=t,
dt — 1{t=t0} — { O, t # t()

Model
k—1
A.I't = Oéﬁl.fﬁt’_l + Z FZ'ALEt_Z‘ + q)dt + &¢
1=1
Granger Representation Theorem

t 00
v =CY (ei+0di)+ > Cileri+Pdyi) + A
1=1 1=0
The deterministic part of x; is

t 00
CP Z d; + Z Crod—j = CPlyyspy + CF 4 Plysyy

1=1 1=0

24
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The ‘additive’ (step-)dummy

T = Pl + Wi

k—1
Ay, = afyi + Z DiAy i + &
i=1
k—1
Ary — ¢l = af'(z_1 — OPlip—1>1y) + Z(Fiﬁxt—z‘ — [idlyie)) + &
i=1
k—1 k—1
Ay = 045/3%—1 + Z Az — aﬁlﬁbl{t—lzto} + ¢1{t:t0} - Z Fi¢1{t—i:t0} T &
i=1 1=1

Note the step dummy 1;_,>, and the £ blip dummies 1y_,_; 3,0 =0,..., k.
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6. INTERPRETATION OF COINTEGRATING COEFFICIENTS
Regression coefficients (elasticities)
T = BoTor + B3T3 + &
are interpreted via a counter factual experiment
B, is the effect on x; of a change in x,, keeping x3 constant

'[he estimate of (3, is the regression of x1; on x9; correcting for x3;
By = S123 2_2%37 (S12.3 = S12 — 51359},1532)

Az = aff'zi-1 — By) + &

The cointegrating relations are long-run relations in the sense that they have been there

all the time.
They influence the movement of the process by pulling towards the attractor set

{z € R"|Cx = a(f'a) ' By} = {z]8'z = By}

The set of steady states or long-run values.



/O/J_ 22:1 &

L1t

1.In the model Ax; = a3'x;_; +¢;, the point z; = (x1;, 7o) is moved towards the long-run
value z.; on the attractor set {z|5'z = 0} = sp(f, } by the force —«a or +«, and pushed

along the attractor set by the common trends o/, >, ¢;
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Definition of long-run value
Model Az; = a(S'zi—1 — By) + &
Solution of these equations for x,; for given z;

h—1
Lt+h = (Ip + &ﬁl)hxt + Z([p + aﬁl)i(gtm—z‘ — 0450)»
1=0
implies
h—1
Bloralen) = (I + o)z — 3 (I, + afYag, — 7
1=0
E<Oéﬁ_$t+h’xt> — O/L%
h—1
E(B'zrinlz) = (I + B'o) Bz = > (I + B'a) Bafy — B
1=0

Toolt = hhm E(ziyp|re) = 5L(O‘/¢5L)_1O‘lxt + 04(5/0‘)—150

— 00



The long-run value x
Loolt = hh_{go E(xyn|ve) = 5¢<04l5¢)_104l5’7t + 04(5/04)_150 = Cuy + 04(5/04)_150»

is a point in the attractor set, because 'z ,; = 5

A cointegrating relation is a relation between long-run values

29
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L1t

1.In the model Ax; = a3'x;_; +¢;, the point z; = (x1;, 7o) is moved towards the long-run
value z.; on the attractor set {z|5'z = 0} = sp(f, } by the force —«a or +«, and pushed

along the attractor set by the common trends o/, >, ¢;
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Counter factual experiment (lag one model):
If the current value is changed from z; to x; + ¢, then the long-run value is changed
from zo; 10 Zoop + Cc = oo + 51 (¢!, B1) '/ ¢, which is a vector in sp(3, ), because
ﬁ/(xoohf + CC) = 0.
If c = C¢ (or f'c = 0), we can produce a change from Toolt 1O Toor + ¢ by @dding c to
Tt .

Clx+c)+a(fa) '8, = Toolt + C?€ = Toolt + C&§ = Ty + C.
Consider the cointegrating relation 3’z = 3, solved for x;

L1 = Yol2 + Y33 + 60.
Then
v, is the effect of x5 on x; keeping z3 fixed

in the sense that the long-run change ¢ = (v,, 1,0)" is orthogonal to 3 : (1, —vy,, —7v3)c =
0, so we can achieve the long-run change ¢ by moving the current value to z; + c.
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The Structural Error Correction Model
k—1
DiAzy = o (B'zi_1 — By) + Z Az + g7,
1=1
where ¢ = [e; isii.d. (0,Q%), QF =TFQ0Y, and o = [, I =TT
The parameters 3 and [, are unchanged, but all the other coefficients have changed.
Two identification problems
1. Identify 3 by restrictions
2. ldentify the remaining coefficients by restrictions (possibly on Q)
Long-run relations between variables
But equations for the variables in the system
m — 1y — c(i’ — i) = 3, is money relation if solved for money
Amy = ay(m — y — c(i’® —i%));_1 + ...is money equation
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7. SHOCKS, CHANGES AND IMPULSE RESPONSES
The model

Axy = afxi_1 + 1Az + &
vy = (I + af )i + T1Ax g + &

shows that a change in ¢; (¢; — ; + ¢) is equivalent to a change in z; (x; — x; + ¢).
We call ¢; a shock and c a change. Granger Representation Theorem

t+h 00

Ttirh = CZ €Z'—|-Z CZ'E;‘H_}L_Z'—FA == C<€1+. e -+€t—|—h)+005t—|—h+- . -+Oh5t+° +A
1=1 1=0

implies that the effect at time ¢ + h of a change c to ¢; (or x;) is
a$t+h
8825

The function h — (C' + C})c is the reduced form impulse response function. A change
c to the system at time ¢ propagates through the system and becomes C'c in the long
run. The permanent effect of a change is C'c.

c=(C+Ch)c— Ce,h — ¢



Reduced form impulse responses
p p

(C+ Cher = Z(C + Ceee = Z(C + Ch)eigi

e; is ¢'th unit vector
The effect at time horizon h of variable i on variable j is given by
6;(0 + Ch)@' — (C + Ch)jz’; h = 1, 2, 3, ce

The effect of the change c on the system is
p p

(C+Che= Y (C+Chleeie=> (C+ Chleic;

a combination of the changes ¢; to the ¢'th variable.
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Structural form impulse responses
p

(C+ Cpler = (C+ Cy)B 'Bey = Y (C+ Clwle

1=1

where v'e, is a structural shock and w; is its effect

B~ = (wy,...,w,), B'=(vy,..., szv =

Construct v; so that v/e; ‘makes economic sense’.
(Cholesky decomposition: BQ2B' = I,,, B triangular, requires ordering of variables)
A change of ¢; of the i'th structural shock has the effect w;c; on the system, that is,

(C + C’h)wz-cl-, h = 1, 2, 37 .«

The structural impulse response function shows the effect on individual variables of
changing many variables at the same time.



Permanent and transitory effects and changes

The response to a change c is
(C+ Ch)e— Ce= B, (o T ) c

Definition of permanent and transitory effects

1. C'c is the permanent effect of a change c
2. Che,h =1,2,....1is the transitory effect of a change c

36
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Permanent and transitory component of a shock
The decomposition

a(dQ ) Q7+ Qo (o Qo) M =1,

gives rise to the decomposition

er=a(dQ'a) /O + Qay () Qay)! o e
e f}rect trans shock e f}rect perm shock

of the shock ¢; into the permanent shock o/ ¢; and the (independent) transitory
shock o/ le,.

Cov(a/QV e, o g)) = o/ 07 'Qa =/ la=0
The effect a(o/Q o) ~! of the transitory shock gives transitory change:

(C+ CyaldQ )™ = Cra(dQta)™ — 0,

h— 00

The effect Qo (o/, Qa )~ of the permanent shock gives permanent change

(C+C)Qa (o, Qa )™ — CQa (o, Qay) =8, (e, T5,)!

h— 00



Transitory and permanent structural shocks

/n—1 \—1mn-—1 r—1 / —1 -1 /
et:g(&ﬂ ) B, BiyaQl gy + Qo (o Qay ) B, Bpno &

WV TV
ef fect struct.trans.shock e f}rect struct.perm shock

Choose By, and B,,, to make ‘structural’ transitory and permanent shocks

38
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8. HYPOTHESES OF INTEREST
Hypotheses on the rank

The model

Hr . ACEt — Oéﬁlxt_l + FlAZCt—l T &t Apxrs Bpxr

HoC---CH, CHp1 C--- CH,

The rank is the number of ‘stable’ economic long-run relations between the ‘unstable’
economic data
1. Test for a given rank consistent with economic theory or

2. Estimate the rank from the data



Hypotheses on 3
The model and the data x; = (v, ¢4, k¢, hy)
Ax; = oz(ﬁ’:z:t_l — By) + 1Az 1 + &

Assume firstthat r = 1 :
Hypothesis: income-consumption ratio stationary

6/ — (17 _]-7 07 0) : B/xt — Yt — C

Hypothesis: Cobb-Douglas relation stationary

5/:@707—(1— )_9) th _‘ght_<1

Hypothesis: hours worked is stationary

5/ — <O7 07 07 1) : let —

— Ok,

40



A general formulation of the same linear restriction on all vectors

Data Ty = (yta Ct, kta ht)
Hypothesis: income-consumption ratio is a function of hours worked

5/ = (1, —1,0, ¢> : 5,5'316 = Y — ¢t + Oly

H:B=Ho, or R'3=0where R = H,.

10 0%
5 _(1) 8 ( ZZZ;) ) = _¢8 Bwe = ¢y — ¢1) + ol
01 o

(normalize on ¢, = 1)

41
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Next assume that r = 2
Hypothesis: Income-consumption ratio and hours worked are stationary

1 -100Y 1100
/3_< 001)“R5:(0010)5:O

Hypothesis: Homogeneity between income and consumption

R'8=(1,1,0,0Y8 =0

or
100 b1 P1o
B | =100 | =P —91
Baxs = HixzPguo = 010 Psx2 = Po1 Do
001 P31 P39

5 not identified because linear combinations of the columns have the same restrictions



Hypothesis: Hours worked stationary

(8 = (b, Hp) not identified)

— (ba ¢4><1>

43
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Identification problem for
The vector 3, is identified by restrictions k'3, = 0 if there is no linear combination

a3 satisfying the restrictions R’ . a;3. =0, (otherthana; =1,a; =0,7 # 1
A o J I
General linear restrictions

Baxs = (Hi¢y, Hagy) or Ri3; =0, R; = H;|
is identified if

rank(R;3) > 1,i=1,2 The Wald criterion
Another criterion (independent of the unknown parameter) is

rank(R.H;) > 1, fori # j =1,2.



Example

Y + ascy + asky + aghy ~ 1(0)
Yt — Gt ~ ](0>

The first is not identified and the second is. If instead

kt—|—CL2ht ~ ](O)
Y — G~ ](0)

then both identified.

45
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Weak exogeneity (Gaussian errors)

Az = 0415/3%—1 + I'iAz 1 + ey
Azo = 0425/3%—1 + o1 Axy 1 + €9

Model for Azy; given Azy (w = Q15055 )
AZCH = wA$2t + (Ozl — CUOQ)B/CEt_l + (FH — ngl)A:ct_l -+ (5115 — w€2t>

Definition. xy, is weakly exogenous for (3, if marginal model for Axo; has no information
on (3, thatis, if ao =0 :

conditional model : Az = wAxy + 0416/%5_1 + (Fll — ngl)A:z:t_l + (51t — wegt)
marginal model : Azy = 'g1 Az + €9
Parameters
Oconda = (w,aq, 8,111 —wla1, Q11.9)
Hmcw“g — <F217 QQQ)

are variation free: reparametrization in terms of 0.4, 0,.q,4 iS One to one.
Strong and super exogeneity.
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Hypotheses on «
The model and the data

Tt = (yt7 Ct, kt: ht>/

Axy = aff'ri 1 + TiAT_ + &

If the shocks to k; (technology shocks or supply shocks) drive the system, then &; is
weakly exogenous: Third row in « equals to zero

(0,0,1,0) @ = 0 Or cvyxes = D32

_ o O O

0
1
0
0

o O O =

Then o/, = (0,0,1,0) and o/, 3!, &, = S, e3,. Thus the shocks to the weakly exoge-
nous variable cumulate to stochastic trends (pushing forces)

If the shocks to ¢; (demand shocks) drive the system, then ¢; is weakly exogenous:
Second row in o equals to zero.
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If the supply shocks (to k;) do not contribute to the pushing forces, then a column of «
Is proportional to unit vector

0 ¢,

0
o= | | zi — (a,) or (0,0,1,0)a, =0

0 ¢,

Thus o/, 3_'_, &, does not contain >_'_, e3;, or 3 is not a pushing force.
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Identification problem for o |

From Granger Representation Theorem the common trends are o/, >_'_, ;, which ‘cre-
ate’ the non-stationarity, but this does not identify the trends.
For any 1, (- na'. >, € can also be used:

C=p.(\T8,) " o) =B, (ne/ T8, ) 'naly
Linear restrictions on «; can identify the trends uniquely.
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9. CONCLUSIONS

The cointegrated vector autoregressive model

Az = a(f'zi_1 — By) + Zfz_ll DAz + &

iIs a dynamic stochastic model for all the variables, that allows the simultaneous mod-
elling of the long-run relations 5’z = 3,, and the adjustment towards the disequilibrium
errors.

1. The long-run relations 3’z = 3, define the attractor set

{z € R’|Cz = a(B'a) ™' By} = {&]|8'z = By}

the set of equilibria or steady states. The coefficients are long-run elasticities.

2. The adjustment coefficients « define the direction of adjustment, the ‘pulling forces’
3. The common trends, given by o/, Zle e;, define the ‘pushing forces’

The Granger Representation Theorem gives the solution of the autoregressive equa-
tions and is useful for

1. The role of deterministics

2. Asymptotics

The equations are equations for the variables and the cointegrating relations are re-
lations between the variables





